Summary. The problem considered is the deformation of a cylindrical or prismatical bar, loaded by forces and moments applied at the ends, in which the elastic "constants" are arbitrary functions of two variables. The solution is formulated in terms of the six Beltrami stress functions and it is shown that two of these are sufficient to satisfy both compatibility and the boundary conditions.
When the variation of the elastic functions is uniformly small, and iterative method may be applied which yields the homogeneous elastic solution as a first approximation.
1. Introduction. In recent years there have appeared in the literature a small but steadily increasing number of papers concerned with the elasticity and plasticity of nonhomogeneous materials. Most of the problems considered have involved certain similifying assumptions of which may be mentioned the following: a. One of the elastic functions, usually v (Poisson's ratio) is assumed to be constant. b. A particular type of inhomogeneity is assumed in order to simplify the equations. c. Assumption of plane stress, plane strain or symmetry is made. d. Assumptions regarding the vanishing of certain stresses are made and the elastic functions required to ensure compatibility are then determined.
For problems in which the boundary conditions are given in terms of the stresses, a general three-dimensional stress function theory has not been formulated. The initial phases of the attack on the Saint Venant problem have already appeared in the literature. The torsion problem [1] has been formulated in terms of a single stress function assuming that both the shear modulus and Poisson's ratio are arbitrary functions of two variables. The shear modulus, however, is the only function influencing the determination of the stresses. The problem of bending of a prismatical bar [2] has been considered but restricted to the case v = constant. The stresses are again given in terms of a single stress function and the governing differential equation is of the same form as for the torsion function. For variable v it is apparent that the usual assumption that the transverse normal stresses vanish is invalid and the complete solution of this problem must therefore be based on a completely three-dimensional analysis.
The usual approach to three-dimensional problems in ordinary elasticity in which the surface tractions are specified is to write the stresses in terms of either the three Maxwell or the three Morera stress functions. The success of this method depends on the fact that the six compatibility equations, when written in terms of the stress functions, are reducible to three equations, subject only to the omission of certain additive functions [3] , which do not affect the stresses. For a nonhomogeneous material, this reduction does not appear to be possible and one is forced to use the six Beltrami (Maxwell-Morera) functions. 
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The subscripts on A, B, C, L, M, N denote partial derivatives. Substitution of Eq. (3) into the compatibility equations yields six equations in the six unknown stress functions. The resulting equations will not be written out as they are very lengthy. It is clear, however, that the presence of the terms involving derivatives of g precludes the possibility of reducing this set of equations to a set of three equations in three unknowns, as is done in the classical case. One may logically attempt such a reduction in the case g = constant, v -v(x, y, z).
Taking L = M = N = 0, we find
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For the problem at hand, it will be more convenient to take the compatibility equations in the form
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Two additional equations of the form (5a) and two of the form (5b) are obtained by cyclic permutation of the variables x, y, z.
3. The Saint Venant problem. Consider the problem of a cylindrical bar, loaded by forces and moments applied at the ends, in which G = G(y, z), v = v(y, z), the variables y, z being the coordinates in the plane of the cross section. The cylindrical boundary is to be free of tractions. We shall tentatively assume that the stress functions of Eq. (3) may be expanded into power series in x and we shall retain only the first two terms. A = A°(y, z) + xA'(y, z),
d = 6\y, z) + x6'(y, z),
We substitute Eqs. (3) and (6) into Eqs. (5a) and (5b) and equate the coefficients of like powers of x.
Consider first the terms linear in x. The first, third and fourth of the compatibility equations yield a>. = tf(fc + p2y + ft*) + pVW,
where the @'s are constants, E is Young's modulus and Vf = d2/dy2 + d2/dz2. From the second compatibility equation we have, making use of Eq. In view of the fact that <rx is found directly, there is no need for all three stress functions B, C, L and we may take B = L = 0, deleting these terms from Eq. (12). The boundary conditions must be such that the cylindrical boundary is free of tractions. In addition, at any section x = constant, the resultant axial load, two bending moments, twisting moment and two shear forces are specified. Since the solution contains 6 contants • • • ft it would seem that the constant y appearing in Eq. (9) is not needed and we shall assume 7 = 0. The solution may then be further specialized by taking M' = N' = </>' = 0. Equations (7) The same remarks concerning the lateral constraint stresses apply here also. It should be pointed out that in pure bending, is not necessarily zero and in simple tension, a2, a3 are not necessarily zero so that tension and pure bending are, in general, coupled. Similarly, bending by a transverse load is coupled with both tension and torsion.
(e) Plane stress-Bar of narrow section. If we require <rz , r" , tvi to vanish, A and cp° must be identically zero. The constant ft is not necessary and we may set this equal to zero also. Equations (13a) The last of the above relations constitutes an incompatibility which is satisfied only when v(y) is appropriately restricted. This, of course, agrees with the well-known fact that the plane stress state in the classical theory (g, v constant) does not satisfy the compatibility equations exactly. If we ignore the equation involving v, the stresses given above agree exactly with the known solution for a thin bar with an end load [4] , The above incompatibility may be obtained in a more recognizable form if we consider a different interpretation of the solution given by Eqs. (13a)-(13d) . Let y, z be the coordinates in the plane of a thin plate and x be the coordinate normal to the plate. As before, g = g(y, z), v -v(y, z). We now attempt to specialize Eqs. The normal stress <jx does not vanish unless A0 is harmonic, which is the same incompatibility that arises in the classic case. The identical result may also be obtained from
Eqs. (7) When g and v are constants these equations are reduced respectively to the biharmonic equation and the membrane equation. Since the solutions of these equations are known, it is logical to attempt to reduce the nonhomogeneous case to a succession of homogeneous elasticity problems. The perturbation procedure used to accomplish this end is wellknown and has been used extensively to obtain approximate solutions of problems in other areas. We assume
where \(y, z), n(y, z) are arbitrary functions; G0) "o are constants and e is a small parameter. Substituting Eq. (14) into Eqs. (13b) and (13c), we obtain Terms involving higher powers of e may be retained if desired, but the essential features of the solution are given by the initial terms. It is apparent that, in addition to the assumption that e is small, we must also require that the quantities x° and 0 be everywhere small. The derivatives of A and jn must therefore not be too large throughout the considered region. 5. Concluding remarks. We have shown that the state of stress in a bar with planar inhomogeneity has a three-dimensional character, even in the state of simple tension. The constraint stresses exist because of the variable Poisson contraction and disappear when v is a constant.
The use of the Beltrami functions offers a general approach to the solution of problems in three-dimensional nonhomogeneous elasticity. It would seem that, in the case v = constant, a reduction in the number of stress functions from six to three should be possible, similar to that derived herein for the case G = constant. This expectation has, however, not yet been proven.
